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Differential geometry




Differential geometry
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Viathematical visualization

Hyperbolic disk
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|_ocal properties dictates global shapes
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MANUFACTURED FOR A NUMERICAL EXAMPLE BY THE AUTHORS OF THE
“SHAPE FROM METRIC”.
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|_ocal properties dictates global shapes




Shape from Metric
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Shape from Metric

Differential property
e.g. Riemannian metric
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Surface

best displays the intrinsic geometry
at the macroscopic level
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Flat torus
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Flat torus
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Flat torus

ba

‘ ' I:‘::":
n = 3 :;f"‘{ "
e 2% ‘;‘“«{‘? ‘,;,,.
- Wiz
= = 177
"s = 1///,
- - - l///‘ .-
. - ' Uy o~
. g s : ///// g /
- B % VL
— g o //// - "
3—‘ g ) /////é - I
e 4: = - é A 4 17
= . )/ = ///J/:/- 1/
7% 7 %
_? // //j /‘/(/1’% 1/,
/5_-" ) = = i
= 7 , 7
= = /7/ % % 2 % = &
:" / %// ; A o / ,///
= /7/// //'r, i z 4 1/,
? . Wi ’ %'v - ' ”~
L AVAV: = i
AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAY AT AT AT ST AV AV AT AV \f\/\/\/\f\/‘v’\j = 7/
'AVAVAVAVAVAVAVAVAVA /\/\/\/ VAT ATATATE \;’\{\/\f \VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA! z = )
’“/\/\/\/\ A ’\/\f\\/\/\/f\/ N O NN O S N \/\/\/\/\J » =
A A AV AT VAT AV AT AN AT A ‘\/\/ \/\; . \/\ \/'\/V‘ VAN NNNNNNNINNINN/N/N
\/\/\j VAVAVAVAVAVAY \/\/\/\/LA Vi \/ RN X7 /\/\’\J\/ \/\/\/\ / \f>/\f Vi \\ )
Yoo QRN OWOXX e RO \J\X v, \/<>/}C><\ <
N \ / / , H
XXX AIIIXNAN /Q\%“ KB 0%) _
/ ﬂy\’ﬂ/v\ﬂfak YAVAVA yv\ﬂ// AVAVAVAVAVA == == -
7\ / / ~
R AAAAAAXKK WKY AR : :

mwwwwn&mm<;mwxmmw 55558 = S

v’\f\/\/\/ \VAVA /\/\ VAVAVAVAVAVAVAVAVAVA y VAVAVAY f\/\/\ AT ETAT,
/\/\/’\/\ JAVAVA VAVAVAVAVAVAVA v’\/w /\ J\/‘ "\ f\/ VAVAVAVAVAVA w Vel :
TAVA ’\/\/\/\,\/\ ) \/\/“ AT AVAVAVAVAV AV AV \/\ ’\/\’\/\/\f\/\/\/\/ N ANNNNNINNS g
INANNNANNAN AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA' A 5
WAVMWAVAW a) \WAVAYA AVAV. 'AWAVAWAVNAVAVMQVAVAWAVE &
PAVAVAVAVAVAVAVAVAV, V4 TL/A> |V, YAVA A %A 4 aV VA £ . VAVAVAVAVAVAVAVAVAVAV, :
\MAVM m ﬂ lﬂn h NAV Viy N va W.‘AVAVAVMAMWI’ : -
>( / ,\ / \ ),’ . '\" V’ VVV. , : :
\ 7 ~/\ NAN ‘/\ / N \, s S
AVAVA AT 7 ”K/A
geee ><>O<><><\,\>f>\>o><>v X <Y‘<>OV AN
T \/\’\/ A AV A T AT AT AT VAT EVAT '\/\/\/\/\/\/‘ /\/’\ /\/\/‘\ /\/\/\/\/‘
\/\/ VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAY \/\f VAV ATAVAY AVAVAY, !
NONANINININININININININININININININININININ NN yW VAVAVAVAVAVAVAVAVAVAVAVA
T A A A AV A AV AT A VA N AV A AT AV ATV AY AV VAV AV AV AVAV AV AV AV AVAVAVAVAVAVAVAVAVAY, : r t -
VAT AV AV AV AV AV AV WAV AV AVAVAV A VAVAVAVAVAVAVAVAVAVA \/\/\/\ f\/ /\/\/\/V /\/\ ’\/\/‘ - -
\@<\ /\f\/\/v\/\/\/\/\/\/\/ /\/\’\f~' / %f’\ ’\.’\/\/ VAT AT AV >t L
A /\/\/\/\/\/\/\/W WAV /\/é \

OO «wwmwwwmm:mmwv | 4
y@ww%%%MMﬁ% IR ERIRK | ﬁ =

SV ATATAVA

r

I

.

i
[

W

f

7 S — _ -
\OW TC’OX\Q@Q(\%OO o AQ< W e \\0\\/}& = — : .
AV AV ARV AV AVAVATAVATAVAVAY /'\/\/ \ ANANNANNNNNNNN ? ~—

{
SN
| /1
seratty -....X'_'"-\v:‘.:h

I[”
" |
e\






Flat torus
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Flat torus

[H. Segerman 2015 Shapeways]
|R. Ferréol 2008 mathcurve.com]
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Euclidean plane.
Gauge field theory.
Variational problem.

Macroscopic scale



Microscopic level
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Microscopic level




Global level — rotation field




Global level — rotation field




Global level — rotation field




Gauge theory




Gauge theory

Rotational connection T;;
Levi-Civita connection



Gauge theory

/N

Rotational connection T;;
Levi-Civita connection



Gauge theory
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Rotational connection T;;
Levi-Civita connection



Gauge theory
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Gauge theory

Q; —Q;or;;



Gauge theory

Q; —Q;or;;




Gauge theory

bending

Q; —Q;or;; 7 |




Gauge theory

Anisotropic norm

i Q; —Q;or;;
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Energy functional

Dirichlet energy

Z | Q; —Q;or;;

all edges
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Energy functional

Dirichlet energy

Z | Q; —Q;or;;

all edges
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Energy functional

Ginzburg—Landau energy

Z | Q;—Q;or;;

all edges
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Energy functional

Ginzburg—Landau energy

Z | Q; —Q;or;;

all edges
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Setting up gauge fie

Macroscopic scale

minimize

all edges



The bunny metric







1he round torus metric

target metric
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1 he round torus metric




'mmersion

Locally Embedded Surfaces
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'mmersion
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PINCh poINts




PINch points

Pinch point
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PINch points

Steiner surface Cross cap
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Emergent surface

Microscopic scale

Setting up gauge field r7;;

Macroscopic scale

2
€

minimize Z ‘Q]- —Q;or;;

all edges

Invisible to pinch points



Emergent surface

Setting up gauge field 17;;

Can we ensure immersion
for such emergent isometric
surfaces?

minimize Z ‘Qj — Q.o

all edges

Invisible to pinch points



Emergent surface

Setting up gauge field 17;;

Can we ensure immersion
for such emergent isometric
surfaces?

YES

minimize Z ‘Qj — Q.o

all edges

Invisible to pinch points



Descriptions of rotations

Rotation matrices SO(3)
QeR™, QIQ=1I, det(Q)=1

3D rotation v+— QV

Unit quaternions SU(2)

g=a+bit+cj+dkeH, |q|=

3D rotation V+— gV(



Descriptions of rotations

Rotation matrices SO(3)
QeR™, QIQ=1I, det(Q)=1

3D rotation v— QV

Unit quaternions SU(2)

g=a+bit+cj+dkeH, |q|=

3D rotation V —|qV(Q
d,—q



Descriptions of rotations
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K / rotation matrices




Descriptions of rotations

S \\\\ SU(2)
) unit quaternions

SO(3)

K / rotation matrices




Descriptions of rotations
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Descriptions of rotations

~ SU(2)
) unit quaternions
“spinors”

SO(3)

‘0 " rotation matrices
\ / “rotations”



Descriptions of rotations

rotation matrices unit quaternions
“rotations” “spinors”
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Descriptions of rotations

rotation matrices
“rotations”



Descriptions of rotations

rotation matrices unit quaternions
“rotations” “spinors”



Descriptions of rotations

rotation matrices unit quaternions
“rotations” “spinors”



Descriptions of rotations

rotation matrices unit quaternions
“rotations” “spinors”
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Iteration: 30
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Emergent surface

Can we ensure immersion
for such emergent isometric
surfaces?

YES



Emergent surface

Can we ensure immersion
for such emergent isometric
surfaces?

YES

How? And why do spinors work?



'mmersion

Immersion Theory of Surfaces



Topologist's mug
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Topologist's mug

regular
homotopy




Topologist's mug

regular
homotopy




Topologist's mug
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Regular homotopy classes

Regular homotopy class



Regular homotopy classes




Regular nomotopy classes




Regular nomotopy classes
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Closed strips

Immersion?

Regular homotopy
class?




Closed strips

closed strip



Closed strips




Closed strips

Theorem (Closed strips)
There are 2 reqular homotopy classes for oriented closed strips.



Closed strips

Theorem (Closed strips)
There are 2 regular homotopy classes for oriented closed strips.




Closed strips

Theorem (Closed strips)
There are 2 reqular homotopy classes for oriented closed strips.

— ///_\
Figure-0

’ Figure-8




Closed strips
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Immersibility of disks

Theorem (Immersibility of Disks)

A disk can be perturbed into an immersion if and only if
its boundary strip is a Figure-0.



Immersibility of disks

Theorem (Immersibility of Disks)

A disk can be perturbed into an immersion if and only if
its boundary strip is a Figure-0.




Immersibility of disks

Theorem (Immersibility of Disks)

A disk can be perturbed into an immersion if and only if
its boundary strip is a Figure-0.




Immersibility of disks

Theorem (Immersibility of Disks)

A disk can be perturbed into an immersion if and only if
its boundary strip is a Figure-0.

Figure-0




Immersibility of disks

Theorem (Immersibility of Disks)

A disk can be perturbed into an immersion if and only if
its boundary strip is a Figure-0.




Immersibility of disks

Theorem (Immersibility of Disks)

A disk can be perturbed into an immersion if and only if
its boundary strip is a Figure=L




Immersibility of disks

Theorem (Immersibility of Disks)

A disk can be perturbed into an immersion if and only if
its boundary strip is a Figure-0.




Immersibility of disks

Theorem (Immersibility of Disks)

A disk can be perturbed into an immersion if and only if
its boundary strip is a Figure-0.

Figure-8

|

pinch point




'mmersion condaition




'mmersion conaition
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'mmersion conaition

Definition
A vertex is said to be almost immersed if its one-ring triangle strip
IS a Figure-O0.




'mmersion conaition
Definition

IS a Figure-O0.

A vertex is said to be almost immersed if its one-ring triangle strip




'mmersion conaition

Definition
A vertex is said to be almost immersed if its one-ring triangle strip
IS a Figure-O0.

Definition
A simplicial surface is almost iImmersed if all vertices are almost
immersed. That is, all contractable strips are Figure-0.



Global strips
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Global strips




Global strips

Theorem (Regular homotopy)

Two immersions are reqular homotopic if and only if
their global strips share the same Figure-8/0 type.
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Global strips
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Original question

Can we construct surfaces that are
guaranteed to be immersions?



Original question

Can we construct surfaces that are
guaranteed to be Immersions?

Can we “control” the Figure-8/0 type
of all strips?



Original question

Can we “control” the Figure-8/0 type
of all strips?

* Algebraic description of the strip types.

e “Rims’ measure deviation from the desired
strip configuration.

e Encode the above algebraic objective In
the gauge field for the spinors.



The space of closed strips
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The space of closed strips
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The space of closed strips
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The space of closed strips

{closed strips}
tor space over Z,.

IS a VEC
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The space of closed strips

{closed strips}

s a vector space over Z,.
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Figure-8/0 function

f:M—>R3

qr - {closed strips} — L

(1) O if V isrealized as a Figure-0
= 1 if 1V isrealized as a Figure-8



Figure-8/0 function




Figure-8/0 function




Figure-8/0 function




Figure-8/0 function




Figure-8/0 function

[Yl a YZ] =1 ‘; g




Figure-8/0 function

dr(r1+7v2)=qr(r1) +aq,(r2) +y1 Nyl




Quadratic forms

dr(r1+7v2)=as(r1) +as(y2) +[yiNy,]

qr is a quadratic form associated with the scalar product |- M - |

on the Z4 vector space {Closed Strips}.

There are many quadratic forms associated with the same scalar
product when the space is over a finite field of characteristic 2.



Quadratic forms

Suppose (,( are two quadratic forms associated with [- N -],

q(y1 +72) =aqly1) +aly2) +[y1Nysl
q(y1 +72) =a(y1) +aly2) +Ly1 Nyl



Quadratic forms

Suppose (,( are two quadratic forms associated with [- N -],

q(y1 +72) =aqly1) +aly2) +[y1Nysl

B ) q(y1 +7v2) =4q(y) +aly2) + Ly Nyal
(a—a)(y1 +72) =@—a)lr) +(@—aq)(r2)

The difference of two such quadratic forms is a linear functional.



Quadratic forms

The difference of two such quadratic forms is a linear functional.

The collection of these quadratic forms is an affine space
. >
parallel to {Closed strlps} .

. X
The geometric representations of elements in {closed strlps}
are rims.















Rimmed surtace

A rimmed surface (f,5) consists of



Rimmed surtace

e The Figure-8/0 type of strips is described algebraically
by a quadratic form (.

o With a prescribed (¢, any surface realization
f:M— R

shall be decorated with rims s € 4 —q.



Emergent surface

Microscopic scale

Setting up gauge field r7;;

Macroscopic scale

2
minimize Z ‘Q]-—Qio Fijl.

all edges
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Emergent surface

Microscopic scale
Setting up gauge field r7;;
and a quadratic form (

Macroscopic scale

2
minimize Z ‘Q]-—Qio il

all edges o —_—

minimize |s| = |q; — q]



LiTting rotations to spinors

Rotational gauge field T1;; A '



LiTting rotations to spinors




LiTting rotations to spinors




LiTting rotations to spinors




LiTting rotations to spinors

AN A\

The sign encodes (



Gauss—-Bonnet Theorem

Given vy € {closed strips}




Gauss—-Bonnet Theorem

Given vy € {closed strips}
Represent it as a path LK\

St - M
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Spin Gauss—Bonnet Theorem

Given vy € {closed strips}
Represent it as a path
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Spin Gauss—Bonnet Theorem

Given vy € {closed strips}
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Represent it as a path




Spin Gauss—Bonnet Theorem

Given vy € {closed strips}
Represent it as a path




Spin Gauss—Bonnet Theorem

Given vy € {closed strips}
Represent it as a path




Spin Structure

Theorem
q.: {closed Strips} —> Zz IS a quadratic form associated

with [- N -],



Spin Structure

Theorem

q.: {Cl()sed Strips} — /4. IS a quadratic form associated

with [- N -],

C,(M,dM;Z,) acts (by switching the signs of T)

transitively on the space of such quadratic forms.



Spin Structure

C,(M,dM;Z,) acts (by switching the signs of T)

transitively on the space of such quadratic forms.

Given M with aWand igure- 8/0 configuration

Rotational connection I
Spin connection TU — :Izl] v/ Tij sothat q; = ¢



Emergent surface

Microscopic scale
Setting up gauge field r7;;
and a quadratic form (

Macroscopic scale

2
minimize Z ‘Q]-—Qio Fijl.

all edges

minimize |s| = |q; — q]



Emergent surface

Microscopic scale

Spin connection T;;

Macroscopic scale

2
minimize Z ‘Q]-—Qio Fijl.

all edges

minimize |s| = |q; — q]



RIM Representation

AA iS/U (2)
S
VAV

We can use the spin connection 7;; to measure whether A;, A;
have consistent chosen signs.




RIM Representation

Theorem [C., Knoppel, Pinkall, Schroder 2018]
Let f: M — R° be a non-degenerate triangular surface,

Q; € SO(3) be the rotation part of (df ); (polar decomposition),
A; € SU(2) be any unit quaternion that “squares”to Q..



RIM Representation

Theorem [C., Knoppel, Pinkall, Schroder 2018]
Let f: M — R be a non-degenerate triangular surface,

Q; € SO(3) be the rotation part of (df ); (polar decomposition),
A; € SU(2) be any unit quaternion that “squares” to Q.

Across neighboring triangles, measure the signature

(—1)% :=sgn{A;, A; 0 T;;)pa



RIM Representation

Theorem [C., Knoppel, Pinkall, Schroder 2018]
Let f: M — R> be a non-degenerate triangular surface,

Q; € SO(3) be the rotation part of (df ); (polar decomposition),
A; € SU(2) be any unit quaternion that “squares”to Q.

Across neighboring triangles, measure the signature

(—1)% :=sgn(A;,A; © T;;)ga

Then the rimmed surface (f,s) has the desired figure-8/0 property
Qe = Y(£,9)



RIM Representation

(=1) :=sgn(A;,A; © T;j) g




Emergent surface

Microscopic scale

Spin connection T;;

Macroscopic scale

. 2
minimize E ‘Aj—liOT--

1j|e
all edges



Emergent surface

Microscopic scale

_ | gauge field encodes
Spin connection T;;i o+ etric
® figure-8/0

Macroscopic scale

_ 2
minimize E ‘Aj—liOT--

L] €
all edges  gspinor field encodes

e rotation field (frames)
® rIms



Emergent surface

Microscopic scale

Spin connection T;;

Macroscopic scale

. 2
minimize E ‘Aj—liOT--

1j|e
all edges



Emergent surface

Microscopic scale

Spin connection T;;

Macroscopic scale

. 2
minimize E ‘Aj—AiOT--

1j|e
all edges
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Hyperbolic disk

A Disk In Hyperbol




A Disk In Ryperpolic Plane

Hyperbolic disk



A Disk In Ryperpolic Plane

Circle Limit Il
— M.C. Escher



A Disk In Ryperpolic Plane




Flat lori




Visualizing Riccl Flow

Metric modified by Ricci flow



Constant negative curvature surface
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Constant negative gaussian curvature




Plecewl|se-smooth iIsometric Immersions

Conjecture

Each regular homotopy class of immersions of a 2D Riemannian
manifold into R contains a pliecewise smooth isometric
representative.




Soccer ball
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Aluminium can
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Turning the sphere Inside out
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Turn the bunny Inside out iIsometrically




Th an k You - 3 YouTube Shape from Metric

- @) Houdini implementations

A}Illja ggligp Sesp  “Shape from Metric”

Felix Knoppel ACM Trans. Graph. SIGGRAPH 2018

TU Berlin
Franz Pedit "‘Finding Conformal and Isometric Immersions of Surfaces”

UMass Amherst arXiv: 1901.09432

Ulrich Pinkall
TU Berlin

Peter Schroder
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